Purpose: T 2 -weighted sequences are particularly sensitive to the radiofrequency (RF) field inhomogeneity problem at ultrahigh-field because of the errors accumulated by the imperfections of the train of refocusing pulses. As parallel transmission (pTx) has proved particularly useful to counteract RF heterogeneities, universal pulses were recently demonstrated to save precious time and computational efforts by skipping B 1 calibration and online RF pulse tailoring. Here, we report a universal RF pulse design for non-selective refocusing pulses to mitigate the RF inhomogeneity problem at 7T in turbo spinecho sequences with variable flip angles. Method: Average Hamiltonian theory was used to synthetize a single non-selective refocusing pulse with pTx while optimizing its scaling properties in the presence of static field offsets. The design was performed under explicit power and specific absorption rate constraints on a database of 10 subjects using a 8Tx-32Rx commercial coil at 7T. To validate the proposed design, the RF pulses were tested in simulation and applied in vivo on 5 additional test subjects. Results: The root-mean-square rotation angle error (RA-NRMSE) evaluation and experimental data demonstrated great improvement with the proposed universal pulses (RA-NRMSE $8%) compared to the standard circularly polarized mode of excitation (RA-NRMSE $26%). Conclusion: This work further completes the spectrum of 3D universal pulses to mitigate RF field inhomogeneity throughout all 3D MRI sequences without any pTx calibration. The approach returns a single pulse that can be scaled to match the desired flip angle train, thereby increasing the modularity of the proposed plug and play approach. Magn Reson Med 80: [53][54][55][56][57][58][59][60][61][62][63][64][65] 2018. V C 2017 International Society for Magnetic Resonance in Medicine.
INTRODUCTION
Parallel transmission (pTx) (1) is a key technology to mitigate the radiofrequency (RF) field inhomogeneity problem encountered in MRI at ultra-high-field (UHF). Unless this problem is solved, the potential of UHF imaging is seriously hampered by the sub-optimal signalto-noise and contrast-to-noise ratios, all detrimental to medical diagnosis. With ever more powerful algorithms used for RF pulse design and dedicated techniques, many experimental achievements have been demonstrated in the community, with applications ranging from proton density-weighted (2), T 1 -weighted (3, 4) , T 2 -weighted (5,6), and T Ã 2 -weighted (7-9) sequences. However, despite the great achievements made to ensure safety (10) (11) (12) (13) (14) , speed up measurement of the transmit RF field (B 1 ) and static field offset (DB 0 ) maps (15) (16) (17) , and accelerate RF pulse designs (e.g., with graphics processing units) (4, 9, 18) , the technique has barely been exploited in clinical routine because of a workflow that is still considered cumbersome. In (19) , a new calibration-free concept using pTx was presented to greatly mitigate the RF inhomogeneity problem at 7T while skipping the entire calibration step. The concept, named universal pulses (UP), consisted of first building a database of measured RF and static field offset maps and performing offline the RF pulse design based on that knowledge. The first demonstration was performed with a home-made pTx coil and with the magnetization prepared rapid gradient echo (MPRAGE) sequence, and the number of database and test subjects was 6 in each case. To demonstrate broader applicability, universal pulses were then designed for the MPRAGE and multi-slice GRE2D sequences with commercially available coils (i.e., Rapid 8Tx-8Rx [Rapid Biomedical, Rimpar, Germany] and the Nova 8Tx-32Rx [Nova Medical, Wilmington, MA] head coils) (20) , this time with 10 database and 10 test subjects. The results confirmed the robustness and safety of the proposed approach with respect to intersubject variability, with great mitigation of the RF field inhomogeneity problem compared to the single-channel conventional circularly-polarized (CP) mode of excitation and only at a mild cost in performance compared to the subject-based tailored approaches.
The universal pulses used in the MPRAGE sequence consisted of an inversion (180 ) pulse and a train of small tip angle (5 ) excitations (21) , which both used the k T -points parametrization approach (2) . Although these pulses represent a good portion of needed non-selective pulses, it does not yet cover all pulse possibilities encountered throughout 3D MRI sequences. T 2 -weighted sequences such as turbo spin echo (22) , sampling perfection with application of optimized contrasts using different flip angle evolution (SPACE) (23) , T 2 -weighted fluid attenuation inversion recovery (FLAIR) (24) , and T 2 -weighted double inversion recovery (DIR) (25) sequences make extensive use of refocusing pulses to better visualize gray and white matter lesions such as strokes, ischemia, and multiple sclerosis (26, 27) . As opposed to excitation pulses, the initial magnetization before refocusing pulses cannot be assumed longitudinal so that rotation matrices with given rotation angle and rotation axis must be targeted rather than mere flip angles (FA). Although successful attempts based on optimal control (5) were obtained for synthetizing target rotation matrices with subject-based tailored pTx approaches, the technique suffered from inefficient pulses, especially at small FAs. This can be explained by the challenging task of generating purely transverse axis rotations, as it is normally required, when the pulses are relatively long and the spins are exposed to significant DB 0 offsets, while trying to homogenize the spins excitation. From previous experience in NMR spectroscopy (28) , and aside from specific absorption rate (SAR) considerations, such a task is possible if the transmit B 1 field can be made significantly larger than the chemical shifts or, in our case, the spread of DB 0 . Unfortunately, this cannot be the case in MRI throughout an extensive volume such as the human brain. The attempt to circumvent the problem in (5) was made by including many temporal degrees of freedom in the pulse design and by exploiting nonlinearities in the Bloch equation, therefore causing SAR and power issues and increasing acquisition time by relaxing the repetition time. Because the rotation angle of the rotation matrices did not scale with the RF amplitude, and because the axis of rotation was not always purely transverse because of phase modulation in the pulses and DB 0 offsets, the RF pulse design was performed individually for each pulse of the echo train. This increases computation and pulse preparation time and leads to greater sequence complexity. Alternatively, a signalbased metric can be used (29) to minimize the signal deviation from the nominal one, which has yielded good results at 3T with pulse-dependent RF-shimming. However, this technique leads to a new optimization whenever T 1 and T 2 values or other sequence parameters (echo spacing, repetition time, FA train) are changed, making this approach hardly compatible with the universal pulse concept. Despite the apparent need for synthetizing target rotation matrices, Eggenschwiler et al. (6) obtained good mitigation of the RF field inhomogeneity at 7T in the design of refocusing pulses while only considering the action of the pulses on longitudinal magnetization. For the variable FA pulse sequence investigated in their work, one single pulse was designed and its FA scaling properties were investigated depending on different k T -point parametrizations. Numerical results showed the benefits of some particular gradient and RF waveforms symmetry, but no analytical tools were actually provided to rigorously explain the success of the retained approach. Moreover, the impact of DB 0 was ignored at the RF pulse design level, which can lead to remaining B 1 and DB 0 artefacts.
In this work, we apply average Hamiltonian theory (AHT) (30, 31) to study the spins' dynamics under the action of k T -point pulses in the presence of static field offsets. This theory has been exploited in a previous work to take into account the RF pulse shape in the design of large tip angle spoke pulses with parallel transmission (9) . AHT provides the adequate framework to justify the symmetry principles proposed in (6) and to take into account static field heterogeneity in the small and large tip angle regimes. The technique developed here is then applied to mitigate RF inhomogeneity in the T 2 -weighted SPACE and FLAIR-SPACE sequences at 7T. Importantly, this work integrates the concept of universal pulse design, which has, to our knowledge, never been proposed for the design of refocusing pulses at UHF with pTx. For experimental validation, this study includes in vivo brain imaging experiments at 7T using pTx universal pulses and focuses on the comparison with the conventional fixed excitation CP mode.
THEORY
In this section, we propose to analyze the spins' dynamics in the presence of DB 0 offsets by using the AHT framework (30) . AHT was introduced initially by Haeberlen and Waugh (30) to describe the behavior of a spin system in a class of transient NMR experiments in which a train of intense RF pulses was applied periodically and with a repetition period smaller than the T 2 relaxation time of the system. The proposed theory provides the analytical framework to explain why the spin system in this case behaves as though under the exclusive influence of a time-independent average Hamiltonian. This theory essentially makes use of the Magnus expansion (an exponential representation of the spin evolution operator involving multiple integrals and nested commutators of the Hamiltonian) to describe the dynamics of the system in the so-called interaction frame. Later, Warren (31) exploited AHT to study the effect of arbitrary pulse shapes in 2-level systems. In his approach, the interaction frame was defined as the frame in which the spin system was not evolving when no RF pulse was applied. He then derived analytically the expressions for the zeroth and first order terms of the Magnus expansion of the average Hamiltonian as a function of the RF pulse shape and was able to describe the spin dynamics at small and large resonance offsets with good accuracy for up to 180 pulses. A result of key importance in Warren's derivation is the physical interpretation of the first 2 terms of the Magnus expansion. As we shall see in this work applied to k T -point pulses too, the zeroth order AHT approximation of the spins' dynamics elegantly generalizes the linear response theory or small tip angle (STA) approximation. Yet, the exponential form of the AHT dramatically increases the accuracy of the perturbation calculation that is done in the STA approximation as it already incorporates nonlinearities inherent to the Bloch equation. The first order term also provides some interesting insight into the dynamics as it is proportional to the autocorrelation function of the RF pulse shape and has the effect of tilting the rotation axis of the effective propagator away from the transversal plane and slightly changing the overall rotation angle. Given the history of this field, we use the SU(2) spinor quantum mechanical formalism to calculate rotation matrices. We refer the reader to the relevant literature (30, 31) for further details.
We consider a spin 1 =2 particle located at positionr. Assuming h ¼ 1, the Hamiltonian in Schrodinger's equation is:
where v 0 ¼ gDB 0 is the resonance frequency offset, g is the gyromagnetic ratio,GðtÞ is the three-dimensional time-dependent gradient vector, s x,y,z denote the Pauli matrices, whereas v 1x (¼ gB 1x ) and v 1y (¼ gB 1y ) represent the nutation frequency respectively along the x and y axis. In pTx, with N c transmit channels, one simply
B 1;n ðtÞ, B 1;n denoting the transmit RF field of channel n. We now move into an interaction frame described by the following unitary transformation:
In the new frame, the Hamiltonian becomes: 
where <() and I() stand for the real and imaginary parts respectively. Therefore, this Hamiltonian only contains the RF terms that are modulated by the DB 0 offset and the time integral of the gradient waveforms. Still in the interaction frame, the SU(2) spin rotation matrix, or propagator, corresponding to the RF and gradient applications is:
where A ðjÞ ; j ! 0 are the Magnus expansion terms (30, 31) . The propagator in the initial frame may then be obtained after undoing the interaction frame transformation U int (T) (i.e., by computing UðTÞ ¼ U y int ðTÞ
UðTÞÞ. In Eq. [5] , the overall term in the exponential takes the form of an infinite series where its truncation corresponds to different orders of approximation. For the applications considered in (9, 31) , it was shown that the first 2 terms already returned an excellent approximation of the full Bloch dynamics, and we will assume this to be true for this application as well. Assuming a selfrefocused trajectory (i.e.,kð0Þ ¼ 0Þ), Appendix A shows that the zero-order approximation of the propagator in the initial frame, obtained by retaining only the term A (0) in Eq. [5] , reads:
Where u STA and w are the magnitude and the phase of . Equation [6] is one of the main results of this work. The overall rotation matrix UðTÞ is not a rotation about a purely transverse axis, as normally specified for refocusing pulses. Conveniently, however, it can be decomposed into a free precession during half the duration of the pulse (U z Þ, followed by a rotation with purely transverse rotation axis (e À i 2 uSTAsw ), and finally ended by the same free precession, as if the rotation around the transverse axis acts instantaneously at the middle of the pulse (see Fig.  1 for illustration). Remarkably, the rotation angle of the U z -"sandwiched" rotation, u STA , is nothing more than the FA given by the STA formula (32, 33) . It is important to note, however, that the corresponding expression here describes a rotation angle and not a transverse magnetization (9, 31, 33) . As a result, it is not equivalent to the linear response theory and to the STA approximation used to describe the dynamics of the transverse magnetization (31) . Within this context, the STA approximation here would consist of replacing e with IdÀ i 2 u STA s w Equation [6] shows that the rotation axis of the U zsandwiched rotation isxcosðwÞ þŷ sinðwÞ, where (see FIG. 1 . Illustration of the zero order approximation derived from average Hamiltonian theory. The rotation matrix arising from a k T -points waveform of duration T can be decomposed into a free-evolution during T/2, followed by an instantaneous transverse rotation with rotation angle u STA evaluated with the STA approximation and, finally, the same free precession during T/2. The zeroth-order AHT approximation validates the refocusing properties of the RF pulse in the presence of DB 0 offsets.
. The additional v 0 T/2 phase term compared to the STA formula can contribute to a variation in the phase of the echo within one voxel. However, for a 100 Hz maximum spread of the Larmor frequency and a pulse duration of 1 ms, the phase dispersion would only be 18 , therefore preserving phase coherence at echo time to a high level.
The phase of R T 0 V 1 ðtÞe iv0ðTÀtÞ dt furthermore depends on v 0 and to some extent may cancel the action of Dv 0 T/2 in some circumstances.
Thus far, the zero-order term in the AHT description does not pose any scaling problem as u STA depends linearly on the RF amplitude. Additional nonlinearities arise with the next Magnus expansion terms. In general the next leading term A (1) is given by (30,31):
where the bracket denotes the commutator operation (i.e., [A, B] ¼ AB -BA). In Appendix B, we show that A ð1Þ is along the z axis and can be expressed as:
where G V1 ðtÞ denotes the autocorrelation function of
The presence of A (1) would not be so problematic if it was the same for each pulse of the echo train since, to a reasonable approximation, it could be again factored out symmetrically on both sides of the purely transverse rotation, as in Eq. [6] . However, this term being power-dependent, its contribution becomes variable along a variable FA train and can lead to accumulated dephasing.
We are now in the position to analyze the design proposed by Eggenschwiler et al. (6) . When DB 0 ¼ 0 and in the presence of the following symmetries: (1) temporal symmetry in the RF waveform: v 1x ðtÞ þ iv 1y ðtÞ ¼ v 1x ðT À tÞ þ iv 1y ðT À tÞ, and (2) temporal anti-symmetry in the gradient waveform GðTÞ ¼ ÀGðT À tÞ (leading to a symmetric k-space trajectory k(t)), it can be shown that the integral of G V1 ðtÞ is real and therefore A (1) is zero. It therefore explains the good scaling properties in the absence of DB 0 when enforcing those symmetries, because the error done by doing a simple STA analysis is led by A ð2Þ . It can also be shown that when the symmetries above are present, and still when DB 0 ¼ 0, the axis of rotation of the propagator is purely transverse despite the k-space modulation induced by the gradient waveforms, a result fully consistent with Levitt's demonstration in the case of palindromic sequences (34) and with Pruessman's double angle method (35) . However, the assumption that DB 0 ¼ 0 everywhere in the brain is incorrect as it can wrongly affect the calculation of the FA in the STA approximation (36) whereas it can also lead to a larger, pulse-dependent A (1) term. Assuming the symmetry properties mentioned above, one can derive (see Appendix C) an upper-bound on the magnitude of A (1) by Taylor-expanding e Àiv0t in Eq. [8] :
jA ð1Þ j jv 0 jjv 1max j 2 T 3 js z j 4 e jv0jT ; [9] where jv 1max j is the maximum amplitude of v 1 over the k T -point waveform. Aside from power and SAR limit considerations, and considering the fact that for a simple rectangular waveform the rotation angle is gjB þ 1 jT at resonance, jv 1max j is expected to vary as 1/T to achieve a desired rotation angle. As a result, when T tends toward 0, jv 1max j 2 T 3 e jv0jT $ T, and therefore A (1) tends to zero at least as fast as T. Interestingly, this result implies that shorter symmetric pulses lead to a better STA approximation.
The results of this analysis are exploited in the pulse design methods below to synthetize valid rotation matrices for refocusing. The symmetries discussed above fortunately constitute a sufficient, but not necessary, condition to cancel A (1) when DB 0 ¼ 0. As a result, this observation is also exploited to further numerically optimize the scaling properties in the pulse design with additional knowledge of the DB 0 distribution.
METHODS

Parallel Transmit RF Pulse Design
In this work, as justified by the theory, the SPACE refocusing pulse train was built from a unique pTx k T -point pulse, repeated at each new excitation with the RF waveform scaled to produce the desired rotation. The set of RF coefficients b 0 2 C NcÂN k T and k T locations k 0 2 R 3ÂN k T of the so-called generating k T -point pulse was obtained by minimizing the FA normalized root-mean-square error (NRMSE) over the k-space trajectory and RF coefficients for a target FA a 0 equal to the largest FA used in the SPACE pulse sequence. Let us denote by p 0 , the pair ðk 0 ; b 0 Þ, and introduce the notation: l Ã p 0 ðk 0 ; l b 0 Þ, for any complex number l (k-space trajectory left unchanged, RF coefficients scaled with l). To form the refocusing pulse train ðp 1 ; . . . ; p ETL Þ, ETL denoting the Echo Train Length, as well as the starting 90 excitation pulse p exc , the n th pulse of nominal FA a n is then defined as p n ¼ by the pure imaginary unit that rotates the rotation axis by 90 around z to achieve the Carr-Purcell-MeiboomGill [CPMG] condition.) Consistently with the theory, the generating pulse is designed by using the STA approximation to homogenize the FA around the target value a 0 , although a 0 is not small. An adequate framework, therefore, is the standard spatial domain method (36, 37) that expresses the FA-NRMSE as a quantity equal to jjjAðk 0 Þb 0 j À a 0 jj 2 , where Aðk 0 Þ is the complex spatial encoding matrix incorporating the RF field distribution of each transmit channel as well the static field offset distribution. For the design of a universal pulse, where a multiplicity (the number of database subjects, N s ) of spatial encoding matrices needs to be considered simultaneously, a unique objective function can still be defined by taking the average FA-NRMSE across all database subjects (21) . Assuming that the database covers the variability of field maps reasonably well across the population, the proposed metric is expected to provide an estimation of the average FA-NRMSE across the same population.
Let us now seek to define the constraints on the RF coefficients b 0 and the k-space trajectory k 0 to ensure good refocusing properties. To reduce the spatial phase variation of A (0) within 1 voxel, we impose selfrefocused trajectories: k 0 ðj; 1Þ ¼ 0 for j ¼ 1; 2; 3: Without any further constraint, pulse optimization yields a solution whose rotation matrix may present a non-vanishing first order Magnus term A ð1Þ along the z-direction (see Eq. [8] ) even when DB 0 ¼ 0, which may lead to a progressive violation of the CPMG condition. In the following, this solution is termed "non-symmetric solution." The "RF-shim solution," obtained by setting the number of k T -points to 1, will also be considered in simulation as an alternative to the CP mode in which the complex weights of the different transmit channels are optimized to reach the lowest FA-NRMSE.
Keeping the same objective function, but this time also imposing temporal symmetry on the k-space trajectory and the RF coefficients: where j:j f denotes the Fr€ obenius norm (used to evaluate the distance between UðTÞ and its zeroth-order approximation) and where the jjÁjj 2 norm is evaluated over the voxels, taking the symmetric solution as initial point. That additional optimization was performed with no symmetry constraints but under the constraint not to increase the FA-NRMSE of the symmetric solution. Below, the resulting solution is termed "scalingoptimized solution." This refinement promotes a solution p 0 whose exact propagator matches its zero-order AHT approximation. By that means, the first order AHT terms A ð1Þ (see Eq. [8] ) that was seen to introduce a longitudinal component in the rotation axis whose amplitude scales with the square of the RF pulse amplitude (i.e., with l 2 ) is decreased. Therefore, we can expect from that solution that it generates a train of refocusing pulses in which each element p n decreases the scaling error as compared to the one derived from the symmetric solution. That behavior, however, is not entirely enforced by the optimization (only SEðp 0 Þ is minimized), and a verification of the scaling error reduction across the entire refocusing pulse train needs at least to be done retrospectively. Note also that the scalingoptimized solution is not necessarily symmetric anymore because the symmetry constraint is relaxed throughout the minimization of SEðp 0 Þ:
To take into account hardware limits and patient safety, the following constraints were enforced explicitly in the design: (1) RF peak amplitude per channel <160 V, (2) average RF power per channel <3 W, (3) total average RF power <16 W, (4) 10-g SAR < 10 W/kg and global SAR <3.2 W/kg, and (5) blip gradient slew-rate-< 200 T/m/s. Having the same scaled pulse in the train of refocusing pulses makes SAR and power analysis easy, as SAR becomes additive and simply scales with the square of the FA. As a result, p 0 was designed with the above power and SAR limits divided by
The database used for the design of the generating k Tpoint pulse was composed of RF and static field offset maps acquired on 10 healthy adults (5 males and 5 females aged between 25 and 44 years) in a separate study (21) . For each subject, the static field offsets and the 8 complex transmit field distributions were respectively obtained through a 3D multiple gradient recalled echo (GRE) sequence (2. (15, 38) .
For the optimization of the SPACE refocusing pulse, the number of k T -points was set to 9 and the RF pulse total duration was 1100 ms for the excitation and the refocusing pulses. For the RF shim and the CP mode, pulse durations were set to 1 ms. The RF pulse and k-space trajectory optimizations were performed simultaneously using the Active-Set algorithm implemented in MATLAB (The MathWorks, Natick, MA) (18, 39) . For the minimization of the scaling error (Eq. [10] ), the exact propagator UðTÞ, and the partial derivatives of the cost-function with respect to b 0 and k 0 were evaluated analytically through a piecewise integration of Bloch's equations using the quaternion formalism.
In Vivo Experiments
Measurements were performed on a Magnetom 7T scanner (Siemens Healthcare, Erlangen, Germany) equipped with the Nova 8TX-32RX head coil and an SC72 whole body gradient insert (70 mT/m maximum amplitude and 200 T/m/s maximum slew rate). All scans were run under local SAR supervision mode (Siemens step 2.3). The study was approved by the local ethics committee and all volunteers gave written informed consent.
T 2 -weighted SPACE and FLAIR-SPACE sequences were implemented, respectively, on 5 (3 males and 2 females aged between 22 and 50 years) and 3 (2 males and 1 female aged between 22 and 55 years) healthy adult volunteers, in the CP transmission mode. The 2 sequences were then subsequently repeated with exactly the same parameters, but using the scaling-optimized universal k T -point pulses. The parameters for the SPACE sequence were: sagittal acquisition, TR ¼ 3 s, echo 3 voxels, and acquisition time ¼ 11:55 min. To reduce the ETL, a GRAPPA acceleration factor of 2 and partial Fourier acquisition of 6/8 were used for both protocols. The target FA evolution of the refocusing pulse train, displayed in Figure 2 for the FLAIR and SPACE protocols, was computed using Mugler's approach (23), with T 1 ¼ 1400 ms and T 2 ¼ 40 ms as nominal values for the relaxation times, as done in a previous study (5) . Following the 2 protocols, the same transmit RF field and static field offset mapping protocols as the ones used to construct the field map database were used. Those data were not used to design RF pulses but exploited for retrospective control of RF pulse performance.
A visual qualitative comparison of the SPACE and FLAIR-SPACE images acquired with the CP pulses and the scaling-optimized universal pTx pulses was performed for each subject. This allowed identifying the regions where significant gain in terms of signal and contrast occurred and to assess whether or not the introduction of universal pulses introduced some specific artifact, as compared with the default transmission CP mode. Image comparisons were performed on native images (i.e., without correction of the reception profile of the head coil).
Both the SPACE and FLAIR-SPACE pTx protocols were based on the same scaling-optimized generating pulse p 0 of 1.1 ms duration, designed with a 0 ¼ 107 (the maximum rotation angle among the 2 refocusing pulse trains; see Fig. 2 ) and whose detailed characteristics are described in Section "Parallel Transmit RF Pulse Design."
The inversion pulse used for FLAIR preparation was designed independently from the generating pulse of the SPACE pulse train, again using a 9 k T -point parameterization but with total pulse duration of 4 ms. The CP implementation counterpart used an overdriven (150 V peak amplitude) 10-ms long hyperbolic secant adiabatic pulse.
RF Pulse Performance Simulations
A benchmarking of the different approaches to design the generating pulse p 0 (non-symmetric, symmetric, scaling-optimized design, and RF-shim) was performed, retrospectively, in simulation as follows. As a first step, for each test subject, specific B 1 and DB 0 maps were used to compute the propagator in each voxel of the CP pulse and the differently designed universal k T -point pulses with full numerical integration of the Bloch equation. The simulations were done for different scaling values of the generating pulse to evaluate 5 to 120 pulses. Simulations yielded the NRMSE values of the FA profile over the whole brain in the STA regime (10 ) , as well as in the large FA regime (120 , i.e., slightly above the maximum FA of the SPACE RF pulse train). We also investigated the scaling property of the pulses by computing the scaling error SEðl Ã p 0 Þ (Eq. [10] ) for each scaling value l ¼ a n =a 0 and each generating pulse p 0 . As a perhaps more intuitive and geometrical feature of the scaling error, we also computed the elevation eðl Ã p 0 Þ of the rotation axis of the pulse propagator U(T), after cancelling the free evolutions during T/2: U 0 ¼ U y z UðTÞU y z . According to Eq. [6] , the generator of U 0 to zero-order has a vanishing s z component, and therefore, eðl Ã p 0 Þ % 0 when l is small (i.e., when A (1) is negligible). In this regime, the rotation axis of U 0 is purely transverse. For large FAs and large DB 0 offsets, however, higher order terms may not be negligible and lead to a non-transverse rotation axis (i.e., to jeðl Ã p 0 Þj > 0). That quantity depicts one particular deviation of the refocusing pulse train from the ideal behavior, which leads to a deviation from the CPMG condition.
With the non-symmetric solution, we expect the scaling behavior to be poor (i.e., a rapid increase of SEðl Ã p 0 Þ and eðl Ã p 0 Þ with l). For symmetric designs (note here that the CP pulse is symmetric), the behavior is expected to improve, at least in regions with small DB 0 values. The scaling optimized solution is yet expected to improve further the performance because the scaling error SEðp 0 Þ becomes the objective cost function itself in a second optimization step. Finally, to validate the theoretical analysis of the effect of pulse duration, the scaling errors were investigated for the same pulses but stretched from 1.1 ms to 3.3 ms while preserving the area of each sub-pulse.
RESULTS
Refocusing Pulse Performance
The FA-NRMSE of the pTx inversion universal pulse used in the FLAIR-SPACE sequence was 6% on average over all test subjects. Both for SPACE and FLAIR-SPACE, the performance of the refocusing pulses obtained retrospectively on each subject is displayed in Table 1 for the small FA (10 ) and large FA (120 ) regimes. With the CP and RF-shim pulses, the FA- NRMSE reaches on average 26.5% and 18%, respectively, and is, as expected, nearly independent of the target FA. In comparison, average FA-NRMSE values for the non-symmetric, symmetric, and scaling optimized solutions are in the small FA regime 8.1%, 8.4%, and 8.2%, respectively. When increasing the target FA, the performance remains very good with the symmetric (8.3%) as well as the optimized scaling (8.3%) design but starts degrading with the non-symmetric design (8.7%) (especially for subjects 2 and 5). At this point it is worth stressing, however, that not only the rotation angle accuracy matters to ensure good performance of the refocusing pulse train, but also the coherence with respect to the leading 90 excitation, essential to satisfy the CPMG condition.
The latter requirement can now be inspected in Figure  3 , which displays the scaling error SEðl Ã p 0 Þ (see Eq.
[10]) as a function of the nominal FA for the CP pulse, the non-symmetric UP, symmetric UP, and scaling optimized UP. The dashed lines represent the scaling error for pulse durations increased from 1.1 to 3.3 ms in the symmetric and scaling optimized cases. Figure 3a represents the scaling error averaged over all voxels (all subjects "pooled" together) whereas Figure 3b represents the scaling error averaged over the voxels where jDB 0 j > 200 Hz (high-DB 0 voxels). In Figure 3c , the elevation eðl Ã p 0 Þ of the propagator U' is reported as well for the high-DB 0 voxels. The scaling error and the elevation analysis indicate that the non-symmetric UP returns the worst performance. Here, the error is driven by the first order AHT term A ð1Þ which, according to Eq. [8] , grows as l 2 . In contrast, symmetric solutions (symmetric UP, CP) exhibit a much better behavior, at least on average, because the symmetry of the RF pulse ensures A ð1Þ ¼ 0 FA NRMSE values obtained in each Subject in the small (10 ) and Large FA (120 ) regimes with the SPACE RF Pulse train generating pulses. According to the theory, to zeroth-order, the calculated flip angle is in fact the rotation angle of a purely transverse rotation matrix, when "sandwiching" DB 0 evolutions are unwound (Eq. [6] ). Rows 1-5 refer to the subject-specific FA-NRMSE values. The 2 last rows display the average FA-NRMSE across the "test" subjects and the UP "database" subjects, respectively.
FIG. 3. Scaling error simulations
for the 1 ms-long CP pulse (gray), non-symmetric (black), symmetric (red), and scalingoptimized (blue) 1.1 ms-long 9-k T -point universal pulses and the 3.3 ms-long symmetric (red dashed line) and scalingoptimized (blue dashed line) 9-k T point pulses. The average error on all voxels pooled together over the 5 subjects is shown in (a) whereas (b) returns the same error this time on average over the voxels satisfying jDB 0 j > 200 Hz. In (a), the CP curve is almost indistinguishable from the short scaling optimized one. Subplot (c) shows, for the same voxels as in (b), the average deviation in degrees of the rotation axis from the transverse plane, after undoing the free DB 0 evolutions symmetrically (Eq. [6] ).
when DB 0 ¼ 0. However, the resonance condition is not fulfilled in all brain voxels, as DB 0 increases dramatically at the different air-tissue interfaces. Looking at the high-DB 0 voxels highlights this relatively important performance degradation of the symmetric pulses. The scaling optimized solution helps mitigating this effect as it minimizes high order AHT terms and results in a better performance of the refocusing pulse train near air-tissue interfaces. Finally, still from Figure 3 and consistently with the result of Eq. [9] , shortening the pulse duration helps maintaining coherence along the train of refocusing pulses, especially when the off-resonance map is not known accurately, as is the case with universal pulses.
In Vivo Image Comparisons
In Figures 4 and 5 , we report the CP versus UP comparison of the SPACE sequence images on all 5 test subjects. For the CP mode, the sagittal and coronal slices selected illustrate severe signal dropouts in the cerebellum, occipital, and temporal lobes, and occasionally in the midbrain (top rows). Those RF inhomogeneity-induced artifacts are typically observed in T 2 -weighted protocols at UHF with single channel transmission and standard pulses (5, 6) . In all 5 subjects, the use of the scaling optimized UPs (bottom rows) allowed excellent suppression of those signal drops to make the SPACE protocol at UHF "truly" whole brain. A comparison of the CP mode and the UP mode exploiting pTx is provided for subjects 1-5 for the T 2 -weighted SPACE acquisition in the form of a movie showing the entire stack of sagittal slices (see Supporting Video S1). In this media, it is possible to visualize throughout the whole brain, and in particular in the left and right lateral lobes, the restoration of the signal with the application of UPs.
In subject 2, a more pronounced signal loss was observed in the sagittal image in the midbrain. For this FIG. 6 . Sagittal view of the FLAIR-SPACE CP (top row) and pTx-UP (bottom row) acquisitions (performed on subjects 1-3 only). As for the SPACE sequence, excellent signal recovery was obtained in the cerebellum, occipital lobe, and temporal lobes. subject (note that this subject had a smaller head compared to the other subjects), for the CP mode, we found that the transmit efficiency in that region was $15% higher as compared with the transmit efficiency measured in the other subjects. Taking the subject-specific B þ 1 and DB 0 maps, we could reproduce in simulation (see Supporting Fig. S1 ) the signal dropout in the midbrain region when the coil was driven in CP mode. Interestingly, the UP approach seems more robust to this problem than the conventional CP mode.
In Figures 6 and 7 , a similar comparison for the FLAIR-SPACE protocol (3 subjects) demonstrates again excellent recovery of the signal in the cerebellum, occipital, and temporal lobes of the brain. The contrast between white and gray matter in the FLAIR-SPACE is admittedly weak. However, the mediocrity of the contrast in this demonstration is not the consequence of an inefficient inversion pulse (in retrospective inversion efficiency simulations, the inversion efficiency was good) but more the manifestation of the poor tissue contrast at the CSF nulling point at 7T (24) . Optimized preparation for FLAIR imaging would involve, for instance, a T 2 preparation before the inversion to effectively induce a saturation recovery for white and gray matter (those tissues exhibiting short T 2 relaxation) and maintain an inversion recovery for fluids (these compartments having long T 2 relaxation time constants) (24) .
DISCUSSION
In this work, we have reported a universal pTx RF pulse design for 3D refocusing pulses at UHF. The benefits of the proposed pTx method compared to the standard CPmode of excitation were explicitly reported with simulations and with in vivo brain imaging experiments on 5 and 3 test volunteers for the T 2 -weighted SPACE and FLAIR-SPACE sequences, respectively. A novelty in the method is the theoretical framework enabled by AHT that justifies, non-trivially, a simple STA analysis to achieve desired refocusing properties. This way, AHT was not used in an algorithmic sense but rather to provide a more thorough understanding of the spins' dynamics and of the errors involved. The combined action of RF fields and gradient waveforms can hardly generate a purely transverse rotation axis given the extent of DB 0 and the relatively weak B 1 fields encountered in MRI. The strategy adopted in this work, therefore, was instead to symmetrize the action of DB 0 (Eq. [6] ). With AHT, we derived that the overall rotation matrix could be approximately decomposed into an effective free precession during the first half of the pulse, followed by the instantaneous action of the RF pulse leading to a rotation angle evaluated with the STA approximation and a purely transverse axis of rotation, followed by the same free precession during the second half of the pulse. As long as this apparent free precession is the same on both sides of the instantaneous pulse, refocusing works. For large rotation angles, this approximation can be improved by enforcing the symmetry of the RF waveforms and the k-space trajectory. However, that approach is only strictly applicable near pure resonance.
In practice, given that many voxels in the brain exhibit reasonably small DB 0 offsets, we first tackled the problem by minimizing the average FA-NRMSE over the database subjects with the right symmetries enforced (34) . By doing this, when DB 0 ¼ 0, the first order AHT term A (1) is ruled out that guarantees a good scaling behavior of the pulse. Efforts in the numerical optimization then initially consisted of homogenizing the FA over our database of 10 subjects with their respective B 1 and DB 0 maps (21) . To improve pulse performance near brain-air interfaces where DB 0 is large, in a second step, the scaling behavior of the pulse was further optimized by making the large FA rotation resemble its zeroth-order AHT counterpart (Eq. [10] ). A break of symmetry in the kspace trajectory and RF waveforms was then allowed while the FA-NRMSE returned in the previous step (i.e., with the symmetric design) was set as an upper-bound constraint.
As shown by Eq. [9] , decreasing the RF pulse duration is another indirect way to yield good scaling behavior in the presence of DB 0 . However, minimizing pulse duration imposes more drastic power and SAR constraints in the pulse design that may engender a deterioration of the overall performance. Hence, a compromise must be found between the 2 objectives. Alternatively to the 2-step approach proposed here, a pulse duration minimization under power, SAR, and FA-NRMSE constraints could be attempted as well. The experimental results obtained in this work shows that a duration of 1.1 ms for the k T -points waveform yields very satisfactory RF inhomogeneity mitigation performance and, at the same time, appears to be short enough not to induce artifacts at the tissue-air interfaces at 7T. With the CP and the RF shim modes, pulse durations shorter than 1.1 ms are easily accessible. This is an advantage as far as the robustness to off-resonance effects is concerned, but, as shown in Table 1 , such solutions do not provide the degrees of freedom necessary to mitigate the transmit RF inhomogeneity problem in 3D.
Because of time constraints in total scan duration, experimental comparison with tailored solutions (static RF shim, k T -points) could not be performed. Nevertheless, because the proposed design justifiably made use of the STA approximation, and given that T 2 -weighted sequences are particularly sensitive to the RF field inhomogeneity, it is expected that the static RF shim would perform poorly. Moreover, as shown numerically and experimentally elsewhere (19, 21) , only a mild improvement compared to the UP results would be obtained with subject-tailored k T -point waveforms. Specific knowledge of the DB 0 map could yet lead to an improved scaling behavior as the knowledge on DB 0 would then be more accurate.
In previous works, the pulses along the train were designed individually using an optimal control approach (5). Sbrizzi et al. (29) also proposed a signal-based approach to design the refocusing RF pulses, thereby relaxing the CPMG condition. Clearly, given the large amount of degrees of freedom allowed by optimal control approaches, excellent performance can be achieved. These techniques yet lack the modularity and simplicity that was sought in this work for universal pulse applications. For instance, any change in the nominal signal evolution indeed would require a new pulse optimization. In addition, in (5) and (29) , separately designed refocusing RF pulses lead to greater RF pulse design complexity and typically require some heuristics to take into account hardware and safety (local and global SAR) limits. In comparison, for the SPACE sequence investigated in this work, a single pulse was designed. This considerably simplifies SAR and power budget analysis for refocusing trains because the SAR and power simply scale with the square of the FA and the pulse contributions are additive. The pulse can be duplicated, scaled, and incorporated in any train of refocusing pulses, as long as SAR and power limits are not exceeded.
CONCLUSION
We have reported an RF pulse design framework for 3D refocusing pulses guided by average Hamiltonian theory. The presented experimental results and simulations at 7T suggest that excellent mitigation of the RF field inhomogeneity problem in 3D T 2 -weighted protocols like SPACE and FLAIR-SPACE sequences can be achieved with universal pulses, while skipping entirely the conventional pTx calibration step and online pulse design. With the previous work on small and large FA excitation pulses (21) , this further completes the spectrum of nonselective universal pulses to be used in 3D MRI sequences at UHF, thereby making pTx with universal pulses one step closer to clinical routine. [A4]
The expression for u STA is the same as the one used in the STA approximation.
APPENDIX B
From Eq. [7] , using the bilinearity of the commutator and given the fact that [A,A]¼0 for any A we immediately obtain: Because of the symmetry properties imposed on V 1 ðtÞ, the term at n ¼ 0 in the summation above vanishes. We therefore have the inequality: jA
SUPPORTING INFORMATION
Additional Supporting Information may be found in the online version of this article. Fig. S1 . Simulations of the T 2 -weighted SPACE signal taking into account pulse imperfections. Retrospective control of (a) the transmit field map of the CP mode, (b) the SPACE signal for the CP mode, and (c) the SPACE signal obtained with the universal pulses. The SPACE signal simulations consist in (1) computing in each voxel the exact propagator of all pulses (90 excitation and refocusing pulses, i.e., ETL11 pulses) and (2) reproducing in each voxel the nominal signal calculation of Mugler et al. (23) while taking the exact rotation matrices instead of the idealized ones for the pulse propagators. For simplicity, the signal was taken as the echo amplitude at the k-space origin. The maximum of the CP mode transmit field is noticeably higher for subject 2 (0.21 mT/V) that for the other subjects ($0.18 mT/V). The SPACE signal simulation of the CP mode confirms the pronounced signal dropout in the midbrain in subject 2, which disappears with the application of UPs. Video S1. Comparison of the CP mode and the UP mode for the T 2 -weighted SPACE sequence. The video provides a comparison of the CP mode (left image) and the UP mode (right image) for the T 2 -weighted SPACE sequence for subjects 1-5. The introduction of UPs allows restoring the signal and the contrast in all brain areas where the CP mode often fails (i.e., the cerebellum, occipital lobe, and left and right temporal lobes).
